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Abstract: This paper aims to offer a concise view of the nonlinear dynamics in
electrochemical systems. Particular examples will be given using a model that
qualitatively describes the anodic metal electrodissolution. Among the typical
nonlinear behaviors exhibited by this system are bistable front propagation,
periodic oscillations, standing waves, rotating pulses and chaotic dynamics.
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Introduction
In order to observe typical nonlinear behaviors in a dynamical system,
two conditions has to be fulfilled:1
- the system is characterized by nonlinear dynamical equations;
- the system is maintained far from equilibrium.
In case of a chemically reacting system, it’s sometimes difficult to
satisfy both conditions. However, electrochemical systems possess intrinsic
properties that make them ideal candidates for the study of nonlinear
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dynamic properties.2,3 This is the main reason why the nonlinearity in
chemical systems started to be a hot topic of research just in seventies of the
last century, while experimental studies regarding nonlinear electrochemical
systems starts from 19th century. Still, the development of theoretical
knowledge was necessary to perform systematic studies in both cases.4,5
A dynamical system whose properties are the same irrespective of the
spatial coordinates is called point-like, or lumped parameter system.4
Usually, the evolution of such a system is characterized by a small number
of dynamical variables that are functions of time. The opposite is a spatially
distributed or distributed parameter system,4 whose dynamical variables are
function of time and space. Most of the dynamical studies involving
electrochemical systems were focused on point like systems, because of the
theoretical and experimental complexity of distributed systems. Just after
1995, the works of Krischer boosted fruitful studies of spatially distributed
nonlinear electrochemical systems.2,3
The present work belongs to the above mentioned field. The model
employed by us

describes in a qualitative fashion the anodic

electrodissiolution of a metal in acidic solutions.6 This model exhibits
extremely rich dynamics, ranging from bistability, excitability, complex
periodic oscillations to chaos.6-10
The model
Under potentiostatic control, metals can exhibit active – passive
transition. This will lead to the onset of a Negative Differential Resistance
(NDR) region in the current – potential characteristic. We modeled this
property using a smoothed Heaviside function:
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where ireac is the density of the reaction current, A and α are constants, φDL
is the drop of potential over the double layer in front of the working
electrode (WE) and Vf is the active-passive transition potential, called also
the Flade potential. This depends on the proton concentration in front of the
WE,

(

Vf = F1 + F2 log ⎡⎣ H +WE ⎤⎦

)

(2)

At the WE, the charge balance equation is satisfied:
σ

φ
z

= -icap - ireac = CDL
WE

φ
t

(3)

- ireac
WE

where σ is electrolyte conductivity,

∂φ
∂z

is the vertical component of the
WE

potential gradient in front of the WE (see Figure 1, for the geometry of the
electrochemical cell), and CDL is the specific capacitance of the electrical
double layer in front of the WE.

Figure 1. The geometry of the electrochemical cell.

This equation acts as a time dependent boundary condition at the WE. The
concentration of protons in the bulk is supposed to be constant, while it has
a linear variation in the diffusion layer in front of the WE. The
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concentration changes in this layer because of diffusion and migration,

(

)

⎡⎣ H +WE ⎤⎦ 2 D ⎡⎣ H +bulk ⎤⎦ - ⎡⎣ H +WE ⎤⎦ 2 μF ⎡⎣ H +WE ⎤⎦ φ
=
+
t
δ2
δ
z

(4)
WE

Here, D is the diffusion coefficient, μ is the mobility, δ is the diffusion layer
thickness and F is the Faraday constant.
In most of the experiments with metal electrodissolution, the
conductivity of the electrolyte is high enough, and the electrolyte can be
supposed to be electroneutral. Consequently, in the electrolyte the Laplace
equation is satisfied:
∇ 2φ =

∂ 2φ 1 ∂φ 1 ∂ 2φ ∂ 2φ
+
+
+
=0
∂ρ 2 ρ ∂ρ ρ 2 ∂θ 2 ∂z 2

(5)

where the position in the cell was described using the cylindrical
coordinates ( ρ ,θ ,z ) . The lateral cell boundary is supposed to be insulating,
∂φ
∂ρ

=0

(6)

ρ = ρ WE

The upper plane of the disk is supposed to be equipotential, according
to the potentiostatic control,

φ z = h = − Eapl

(7)

where Eapl is the applied voltage. The drop of potential across the double
layer in front of the WE is related to the potential in the electrolyte, in front
of the WE:

φDL = − φ WE

(8)

The cell geometry depicted in Figure 1 tends to favour spatially uniform
states for the WE. In such a situation, the partial differential equations (3)
and (4) reduce to ordinary differential equations:
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Being a two-variable autonomous system, it can exhibit just simple
dynamical behaviors, like monostability (excitable or not), bistability and
periodic oscillations.4 On the other hand, considering the spatial extension
makes the system to be characterized by an infinite number of degrees of
freedom, allowing a rich variety of dynamical behaviors which includes
spatio-temporal chaos.6-9 This model is qualitative, and aims to capture just
the main features of the metal electrodissolution processes in acidic
solutions, being independent on a particular experimental system of this
kind.
Results and discussions
1. Numerical aspects

For the bistable and excitable dynamics, the ordinary differential
equations (10) with appropriate initial conditions were integrated using
LSODE package of Hindmarsh.11 In the case of spatio-temporal chaos, the
partial differential equation (5) with time dependent boundary conditions (3)
and (4) has to be solved. The Laplace’s equation has been solved using a
second-order finite difference method on a cylindrical grid, with 61x60x16
grid points in radial, angular and vertical direction respectively, by
employing the ma48 subroutine package from HSL 2002 library.12 This
package takes advantage of matrix sparsity. Solving this problem using an
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usual algorithm, like Gauss-Jordan or LU decomposition would be
prohibitive:
- in terms of necessary RAM memory: for example, for the spatial
resolution used here, which is average, 3.4 GB of RAM memory would be
necessary just to store the coefficient matrix;
- in terms of CPU time: for example, doubling the spatial resolution
would result in an increase of CPU time by 83 = 512 times. The time
dependent boundary conditions were integrated using a fourth-order RungeKutta method.13 The autocorrelation function was computed using SANTIS
data analysis software,14 while the power spectrum was computed using a
FFT algorithm.13
2. Bistable and excitable dynamics

Bistability is a typical feature of the N-shaped NDR electrochemical
systems: the system possesses three stationary states, one unstable and two
stable.

Figure 2. Current – voltage characteristic for an active – passive transition.

The onset of bistability can be explained based on the plot from
Figure 2. The branches AB (high current, active state) and CD (low current,

Nonlinear Dynamics in a Complex Electrochemical System

143

passive state) are stable. The transition between them corresponds to a
negative differential resistance region (dash-dotted line). When the
characteristic is plotted function of the applied voltage, then the Ohmic drop
in the electrolyte has to be considered, according to the equation

Eapl = φDL + iR
Consequently, the line will be shifted proportionally to the value of
the current, as total resistance of the electrolyte, R, is constant (dotted line).
As a result, a hysteretic behavior, which is a fingerprint of the nonlinearity,
appears: increasing the applied voltage, from the active state B the system
will jump to C, in a passive state. The opposite transition occurs from D to
A.

Figure 3. Bistability. a. Time dependence of the double layer potential for

two different initial conditions: (0.2632;1.01) and (0;1.01) respectively.

Eapl = 0.267 V . b. Reaction current and the load line. The parameters are
the same as for (a), excepting Eapl = 0.3 V .

Figure 3a displays bistable behavior in the point like system described
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by equations (10): depending on the initial condition, the system goes either
1
2
to an active (φDL = φDL,0
) or to a passive (φDL = φDL,0
) stationary state. The

parameter

values

are

CDL = 1 F ⋅ cm-2 ,

Eapl = 0.267 V ,

h = 0.2 cm ,

σ = 0.4 Ω-1 ⋅ cm-1 , A = 0.2 A ⋅ cm -2 , α = 250 , F1 = 0.25 V , F2 = 0.06 V ,
D = 5 ⋅10-6 cm 2 ⋅ s -1 , δ = 0.01 cm , μ = 5 ⋅10-3 cm 2 ⋅ V -1 ⋅ s -1 , ⎡⎣ H +bulk ⎤⎦ = 1.2 M .

In a spatially distributed system, bistability can lead to a typical nonlinear
process, namely the front propagation.6,8 According to the first equation 10,
stationary states appear at the intersection between the reaction current and
the load line. In this case, three stationary states exist; while the extreme
ones are stable, corresponding to those depicted in Figure 3a, the
intermediate one, residing on a branch with negative slope of the
characteristic is unstable.2,3 From Figure 3b becomes also clear why the
bistability occurs for intermediate values of conductivity; this condition
derives from the condition to have three intersection points. If the
conductivity is too low or too high, the system displays monostability, i. e.,
it presents a single stable stationary state.
Excitability is widely spread for example in biological systems and is
responsible for example for impulse propagation along nerves. Figure 4
displays typical excitable dynamics: while the excitable stationary state is
stable (continuous line in Figure 4a), a small perturbation drives the system
away from this state, and then the system returns – here oscillatory, because
the stationary state is a stable focus – to the initial state. An important
property of the excitable systems is the refractory time: a given time after
the perturbation, the system is insensitive to a new perturbation. Figure 4b
shows the large excurse followed by the phase space trajectory before
returning to the stable stationary state. In spatially extended systems,
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excitable dynamics can lead to complex dynamics, including excitable pulse
propagation, spiral wave dynamics,10 and spiral chaos.

Figure 4. Excitable dynamics. Parameter values are the same as in Figure 3,

excepting σ = 0.714 Ω -1 ⋅ cm -1 and Eapl = 0.264 V . Excitable stationary
state (0.2597;0.9904), and perturbation (0.26;1). a. Stationary state
(continuous line) and response to perturbation (dotted line); b. Response to
perturbation, in the phase space.
3. Spatio-temporal chaos

In spatially extended nonlinear systems, the concept of coupling is of
paramount importance:2,3 frequently, two different locations in the system
do not act independently, but are coupled, the coupling being characterized
by range and intensity. In an electrochemical system, coupling occurs
through the electrical field, and is nonlocal in nature. For the cell depicted in
fig. 1, the coupling range depends on the geometric ratio h ρ WE ; the
smaller is this ratio, the shorter range is the coupling. The coupling strength
is proportional to the electrolyte conductivity. For an autonomous system
described by two variables, the only accessible dynamics is stationary or
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periodic.4 However, a spatially extended system is characterized by an
infinity of degrees of freedom and even a two-variable system can display
much more complicate dynamics, including spatio-temporal chaos.15,16 For
our system, when the geometric aspect ratio is much smaller than one,
h ρ WE

1 , and the conductivity is low, the correlation in time and space

decreases until the system displays spatio-temporal chaos. The parameter
values

used

in

simulations

σ = 0.2 Ω -1 ⋅ cm -1 ,

F2 = 12 V ,

are

those

for

A = 0.02 A ⋅ cm -2 ,

Figure
and

3,

excepting

Eapl = 0.27 V .

Geometrical parameter values are h = 2 cm , and the circumference of the
cell is lC = 150 cm . The initial condition at the WE is spatially uniform,

(

0
, ⎡⎣ H +WE ⎤⎦
equal to φDL

0

) = ( 0.26;0.9929) .
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Figure 5. Spatio-temporal chaotic dynamics. a. Grayscale contourplot

representation of the double layer potential distribution across the WE at the
end of the integration time. b. Time evolution of the total current; c. Phase
portrait; d. Autocorrelation function; e. Power spectrum.
Figure 5a displays φDL ( ρ ,θ ) across the WE, at a given moment, for a
fully developed turbulent state. In this representation, white corresponds to
low φDL values (active state), while black corresponds to passive state.
Inspecting the plot is visible that the correlation in space tends to zero, and
two different locations on the surface of the WE act independently. On the
other hand, Figures 5b and 5d illustrate the loss of temporal correlation. The
signal looks more regular in this plot for the first 100 seconds, because
during this time only the radial symmetry is broken, the angular one being
preserved.15 In order to plot the phase portrait from Figure 5c, the time
delay method was used, with a delay of 100 points (1 second). The phase
portrait confirms the chaotic character of the dynamics: the phase space
trajectories cover in a dense fashion a given region of the phase space,
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giving rise to a strange attractor.4 The autocorrelation function decreases in
an oscillatory manner to 0, meaning the dynamics is chaotic. Finally, Figure
5e unveils an intriguing property of this system: the chaotic dynamics is
characterized by a quite narrow band in the power spectrum, corresponding
to a frequency (0.136 Hz) which is much lower than the natural frequency
of the point-like system with the same parameter values (0.584 Hz). The
largest Lyapunov exponent calculated for the total current time series is
equal to 0.116, confirming once more the chaotic dynamics.17
Conclusions

Electrochemical systems prove to be ideal candidates for the study of
nonlinear properties. The employed model describes qualitatively the anodic
electrodissolution of metals; these systems were found often experimentally
to exhibit typical nonlinear processes.2,3 We studied (a) the point-like
system, in particular bistability and excitability, and (b) the spatially
extended system, to explore some properties of the spatio-temporal chaotic
dynamics.
The mechanism for the onset of bistability is presented in detail.
Then, the spatio-temporal chaos is studied, using standard tools of nonlinear
time series analysis, like phase portrait, autocorrelation function, power
spectrum and the largest Lyapunov exponent. The future studies centered on
this system will focus on its bifurcation properties, both for point-like and
spatially extended cases.
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