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Abstract: In this paper, we focus on the structure of Polycyclic Aromatic
Hydrocarbons (PAHs) and calculate the Omega and its related counting
polynomials of nanostructures. Also, the exact expressions for the Theta, Sadhana,
Pi, Hyper Zagreb and Forgotten Zagreb indices of linear [n]-Tetracene,
V-Tetracenic nanotube, H-Tetracenic nanotube and Tetracenic nanotori were
computed for the first time. These indices can be used in QSAR/QSPR studies.
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Introduction

Graph theory has found considerable use in Chemistry, notably in
modelling chemical structures. In chemical graph theory, the vertices
correspond to the atoms and also the edges correspond to the bonds.
Topological indices have some applications in theoretical chemistry,
particularly in QSPR/QSAR research.! There is a lot of research which has

been done on topological indices of various graph families so far, and is of
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much importance due to their chemical significance. A nanostructure is an
object of intermediate size between microscopic and molecular structures. It
is a product derived through engineering at molecular scale. Carbon
nanotubes have exhibited unusual properties in experimental sciences. They
have noteworthy applications in engineering sciences, material sciences and
optics. Diudea was the first chemist who considered the matter of
computing topological indices of nanostructures.”” In the present article, we
continue our works on computing some topological indices of
nanostructures.® '

Now, we introduce some notation and terminology. A graph G
consist of a set of vertices V(G) and a set of edges E(G). The number of
vertices and edges in a graph will be denoted by |V(G)| and |E(G)],
respectively. The degree, deg(u) of a vertex u € V(G) is the number of
vertices of G adjacent to u. The distance between u and v in V(G), d(u, v),
is the length of a shortest u_v path in G. Two edges e=uv and f=xy of G are
called co-distant, “e co 7, if and only if they obey the following relation:

dlv,x) =dw,y)+1=du,x)+1=d,y).

The above relation co is reflexive and symmetric for any edge e of G
but in general is not transitive. A graph is called a co-graph if the relation
co is also transitive and thus an equivalence relation.

Let C(e):={f € E(G); f co e} be the set of edges in G that are
co-distant to e € E(G) . The set C(e) can be obtained by an orthogonal edge
cutting procedure: take a straight line segment, orthogonal to the edge e,
and intersect it and all other edges (of a polygonal plane graph) parallel to e.
The set of these intersections is called an orthogonal cut (oc for short) of G,
with respect to e. If G is a co-graph then its orthogonal cuts C; ,C,, ..., Ci
form a partition of E(G):

E(G)=C, UG, U..UG, C;nC =@ fori+#jandi,j=12,..,k.
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If any two consecutive edges e and f of a plane graph G of an edge-
cut sequence are topologically parallel within the same face of the covering,
such a sequence is called a quasi-orthogonal cut (qoc) strip. Obviously, any
orthogonal cut strip is a qoc strip but the reverse is not always true. This

means the transitivity relation of the o relation is not necessarily obeyed.

Omega and its related counting polynomials:
Four counting polynomials have been defined on the ground of qoc

strips:

0@G,x) = Z m(G, ). x° 1)
0(G,x) = Z m(G,c).c.x° (2)
Sd(G,x) = Z m(G,c). xE@l=¢  (3)

G, x) = z m(G,c).c.x|E@I-¢  (4)

with m(G, ¢) being the number of strips of length c. For more study, see
papers.”” "> (G, x) and 6(G,x) polynomials count equidistant edges in G
while Sd (G, x) and I1(G, x), non-equidistant edges.

Some topological indices:
The first derivative (computed at x = 1) of these counting
polynomials give interesting inter-relations and valuable information on the

graph
0'(G,1) = Z m(G,c).c% = 0(G) (5)

Sd'(G,1) = 2 m(G,c). (IE(G)] - ¢) = Sd(G)  (6)



Najmeh Soleimani et al. 125

m'@G,1) = z m(G,c).c.(E@@)| = ¢) = 1(G) (7)

16-18 and

We encourage the interested readers to consult papers
references therein for more information on Theta index (@), Sadhana index
(5d) and Pi index (IT) and its computational techniques. The first Zagreb
index have been introduced more than thirty years ago in 1972 by Gutman
and Trinajstié."” Recently, the Hyper Zagreb index (HM) and Forgotten

120

Zagreb index (F), have been introduced by Shirdel et al.”" and Furtula and

21

Gutman™ as the revised version of the first Zagreb index. In fact, they are

defined as:

HM@ = ) [degl) +deg®)®  (8)

UveE(G)

F@ = ) [deg@) +deg@?] (9

UuveE(G)

Results and Discussion
Nanostructures of polycyclic aromatic hydrocarbon (PAH)
derivatives are potential candidates for improving the performance of

2224 Tetracene is

nanoelectronics, optoelectronics, and photovoltaic cells.
the four-ringed member of the series of acenes. Tetracene has several

advantages as a fission material. Figure 1 shows the linear [n]-Tetracene.

Figure 1. The linear [n]-Tetracene.

Now we compute the closed formula for Omega, Theta, Sadhana, Pi
polynomials for linear [n]-Tetracene in the following theorems. To do it, at

first, we should consider the following examples.
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Example 1. Consider the graph T = T[2], shown in Figure 2. One can see

this graph has exactly 3 strips e, e, and e3. On the other hand |C(e,)| =
10, |C(ey)| = 2 and |C(e3)| = 2. Hence,
(T, x) = x1° + 17x2,
O(T,x) = 10x° + 34x2,

Figure 2. The linear [n]-Tetracene, n=2.

Example 2. Consider the graph T = T[3], shown in Figure 3. One can see
this graph has exactly 3 strips e, e, and e;. On the other hand |C(e,)| =
15, |C(e;)| = 2 and |[C(e3)| = 2. Hence,
(T, x) = x5 + 26x72,
O(T,x) = 15x*> + 52x2.

Figure 3. The linear [n]-Tetracene, n=3.

By continuing this method we achieve the graph of linear [n]-
Tetracene. Hence, by computing the number of strips of equal size and
substitute in the equation (1)-(4) the following theorem can be deduced:
Theorem 1. Consider the linear [n]-Tetracene (denoted by T = T[n],
Figure 1). Then, the Omega and its related polynomials of T[n] are
computed as follows:

(T, x) = x5 + (9n — 1)x?,
O(T,x) = 5nx>" + (18n — 2)x?,
Sd(T,x) = (9n — 1)x 23"~ 4 x18n=2,
II(T,x) = (18n — 2)x23"~* 4 Snx18n2,
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Proof. To compute the omega and theta polynomials of T[n], it is enough to
calculate C(e) for every e in E(T). By Figure 2 and Figure 3, one can see
that, there are three distinct cases of goc strips. We denote the
corresponding edges by e;, e, and e;. By continuing method it is easy to
check that |C(e;)| = 5n, |C(ey)| = 2 and |C(e3)| = 2. On the other hand,
there are 1,n — 1 and 8n similar edges for each of edgese;, e, and e,
respectively.

So, we have

N(T,x) = Z m(T,c).x¢

=1 xx) +((n—1) xx%) + (8n x x?)
=x" + (9n — 1)x2.

Also,

O(T,x) = z m(T,c).c.x€

=(1x5nxx") + ((n—1) x2xx2)+ (8n x 2 x x2)
= 5nx5" + (18n — 2)x2.

Since, first derivative of omega polynomial (in X=1), equals the number of
edges in the graph. We have
N'(T,1) = |E(T)| =23n— 2.

Thus, we have

Sd(T,x) = Zm(T' 0). xIEDI=¢
(o4

= (1 x x[EMI=5n) 4 ((n —1) x xIE(T)I—Z) + (8n x xIEMI-2)

— (97’1 _ 1)x23n—4 + x18n—2'
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Also,

(T, x) = Z m(T, ¢). c. x/EMI-c
(o}

= (1 x 5n x xEMI=5n) 4 ((n — 1) x2x xlE(T)I—Z)

1 (8n x 2 x xEMI-2)

= (18n — 2)x?3n~* 4 5nx18n-2,

Theorem 2. The Theta index, Sadhana index and Pi index of the linear [n]-

Tetracene are computed as:

O(T) = 25n? + 36n — 4,

Sd(T) = 207n? — 41n + 2,

II(T) = 504n? — 128n + 8.

Proof. By using equations (5)-(7) and proof of Theorem 1, we are done.
Now, we consider the vertical Tetracenic nanotube and denote by

G = G[p, q]. For other related research and historical details, see the paper

series. 2>%

Theorem 3. Let p,q € N. Then, the Omega and its related polynomials of
Glp,q] (Wp,q > 1; 4p = q — 1) are given by:
q-1
2(G,x) = qx° + (g — Dx*? + 42 x2' + (9p — 2q + 2)x%4,
i=1
q-1
0(G,x) = 5pqx°®? + 4p(q — Dx*? + 42 2ix?
i=1
+ (18pq — 4q* + 4q)x?9,
q-1
Sd(G,x) = qx?7P17%P 4 (g — 1)x?7P94-8P + 42 x(27Pq—4p)-2i

+ (9p — 2q + 2)x?7Pa-4P24, -
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q-1
(G, x) = 5pqx?"Pa= + 4p(q — 1)x?7P9-8P 4 42 2ix(27pq—4p)=2i

i=1
+ (18pq — 4q* + 4q)x?7Pa—4r—24,

Proof. Let G = G[p, q] be the V-Tetracenic nanotube, with 18pq vertices

(notice that the edges in the right side are affixed to the vertex in the left

side of the figure to gain a tube in this way). First, we compute Omega

polynomial. By using the cut method and Figure 4, there are some distinct

cases of qoc strips. We denote the corresponding edges by ey, e;, €3, ..., 4.

Cs Cs Cs Cs Cy [ IR

Figure 4. The qoc strips of edges ey, e,, €3, ¢4, €4, €3, ¢4 and c5 in graph of G[2,5].

Table 1. The number of co-distant edges of V-Tetracenic nanotube.

Type of Edges |C(e)| m
e 5p q
e, 4p qg—1
es 2q P
C; 20 4

Cq 2q 8p—2q+2
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Now, we apply the formula of Omega polynomial to compute this

polynomial for G. Since
NG, x) = Z m(G,c). x€,
c

by using Table 1, we have
q-1

2(G,x) = qx°? + (@ — Dx*? + px?1 + Z 4x2 + (8p — 2q + 2)x*4,
i=1

Also, since

0(G,x) = Z m(G, c).c. xS,

we get
q-1

0(G,x) = 5pqx°? + 4p(q — 1)x*? + 2pqx?9 + Z 4 x 2ix%
i=1

+ (16pq — 4q% + 4q)x*4.

The first derivative (computed at x = 1) of Omega polynomial is
equal to the number of edges. Therefore, |E(G)| = 27pq — 4p. From
equations (1)-(4), one can obtain the Sadhana polynomial and Pi polynomial
by replacing x¢ with x/E(@I=¢ in Omega polynomial and Theta polynomial.

This completes our proof.

Theorem 4. The Theta index, Sadhana index and Pi index of the V-

Tetracenic nanotube are computed as:
8 8
0(G) = 41p*q +36pq” — 16p* —54° +34,
Sd(G) = 243p?q + 108pq? — 36p? — 124pq + 16p,
8

8
11(G) = 729p%q? — 257p?q + 32p? — 36pq? + §q3 ~34

Proof. By using Table 1 and equations (5)-(7), we are done.
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In following, we consider the horizontal Tetracenic nanotube and
denote by H = H[p, q] (Figure 5). The various types of quasi-orthogonal
cuts are drawn by arrows.

%\%\84\%\

i§§§§

Figure 5. The qoc strips of edges ey, e,, €3, €4,¢; and c3 in graph of H[3,2].

Theorem 5. Letp,q € N. Then, the Omega and its related polynomials of
Hp,q] (Yp,q > 1;4p = q) are given by:
2q-1

N(H,x) = qx°? + qx*? + 4 Z x'+ (9p — 2qg — Dx?4,
i=1
iisodd
2q-1
O(H,x) = 5pqx°P + 4pqx*? + 4 Z ix' + (18pq — 4q% — 2q)x?,

iisodd
2q-1
SA(H, x) = qx27Pa-24-50 | qx27p4-2a~4D 4 4 Z £ (27pa-2q)-i
i=1
iisodd
+ (9p — 2q — 1)x?7Pa744,
2q-1
H(H, x) — 5pqx27PQ—2q—5p + 4_pqx27pq—2q—4p + 4 Z l-x(27pq_2q)_i
i=1
iisodd

+ (18pq — 4q* — 2q)x*"P4744.

Proof. Let H = H[p, q] be the H-Tetracenic nanotube, with 18pq vertices
and 27pq — 2q edges (notice that the edges in the top are affixed to the
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vertex in the bottom of the figure to gain a tube in this way, see Figure 5).
By using the cut method and computing the number of co-distant edges of

H = H|p, q], we can fill the Table 2.

Table 2. The number of co-distant edges of H-Tetracenic nanotube.

Type of Edges |C(e)| m
ey 5p q
ez 4p q
e;3 2q p—1
c; , iisodd. i 4
vi=1,3,..,2q—-1
ey 2q 8p — 2q

By using these calculations, equations (1)-(4), the theorem is proved.

Theorem 6. The Theta index, Sadhana index and Pi index of the H-
Tetracenic nanotube are computed as:

8 4
O(H) = 41p*q + 36pq” — 4q° —34° — 34,
Sd(H) = 243p*q + 108pq® — 8q* — 72pq + 4q,
8 4
M(H) = 729p%q* — 144pq* — 41p*q + 3q° +8q" + 3¢

Proof. By using Table 2 and equations (5)-(7), we are done.

Now, we are ready to compute the Omega and its related counting
polynomials of Tetracenic nanotori K = K|[p, q], depicted in Figure 6.

The various types of quasi-orthogonal cuts are drawn by arrows.

G 6 6 G

D N N

B

Figure 6. The qoc strips of edges ey, e,, e3, ¢4, ¢, and c5 in graph of [4, 3].
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Theorem 7. Letp,q € N. Then, the Omega and its related polynomials of
K[p,q) (¥p,q > 1;4p = q — 1) are given by:
q-1

N(K,x) = qx°? + qx*? + 42 x%t + (9p — 2q + 2)x%4,

=1

q-1
O(K,x) = 5pqx°P + 4pqx*? + 42 2ix% + (18pq — 4q> + 4q)x?4,

=1
q-1

Sd(K,x) = qx?7Pa7% 4 qx27Pa-8p 4 42 x(27pq—4p)-2i
i=1
+(9p — 2 + 2)x?PaTR,
q-1

I1(K,x) = 5pqx?’P47% 4 4pqx?7Pa78P + 42 2ix (27pg—4p)-2i

i=1
+ (18pq — 4q* + 4q)x?7Pa-4P~24,

Proof. Let K = K|[p, q] be the Tetracenic nanotori, with 18pq vertices and
27pq edges. The proof can be done in the same way as in the proof of
Theorem 3.

Table 3. The number of co-distant edges of Tetracenic nanotori.

Type of Edges |C(e)| m
eq Sp q
ez 4p q
e3 2q p
C; 2i 4
vi=1,2,...,q—-1
Cq 2q 8p—2q+2

The results of the above theorem can be summarized as follows:

Theorem 8. The Theta index, Sadhana index and Pi index of the Tetracenic

nanotori are computed as:
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8 , 8
0(K) = 41p*q +36pq” - 5q° + 34,
Sd(K) = 243p?q + 108pq? — 81pq,
8 , 8
1(K) = 729p*q* - 41p*q = 36pq” + 54> — 24

Finally, we calculate the Hyper Zagreb index and forgotten Zagreb
index of nanostructures by use an algebraic method.
Theorem 9. The Hyper Zagreb index and forgotten Zagreb index of

nanostructures are computed as:

Nanostructure HM F
G 972pq — 320p 486pq — 152p
H 972pq — 124q 486pq — 76q
K 972pq 486pq

Proof. For computing the Hyper Zagreb index and forgotten Zagreb index
of nanostructures (G[p,ql, H[p,q] and K[p,q]) we consider three type
edges, (a) edge E; with ended vertices of degree 2 and 2, (b) edge E, with
ended vertices of degree 2 and 3, (c) edge E5 with ended vertices of degree
3 and 3. The obtained data is arranged in Table 4.

Table 4. Computing the number of edges in nanostructures.

Nanostructure |E;| |E,]| |E5|
G 0 16p 27pq — 20p
H 2qg 4q 27pq — 8q
K 0 0 27pq

Using the data given by Table 4, the Hyper Zagreb and forgotten

Zagreb indices are calculated.
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Examples
In this section, we give some examples in the following tables. In
fact, we obtain some topological indices of nanostructures by replacing

different number of p and Q.

Table 5. Some values of the topological indices of V-Tetracenic nanotube.

p q SdG) 0(6) I(G) HM(G) F(G)
2 2 2200 536 9464 3248 1640
2 3 4004 1012 22704 5192 2612
2 4 6240 1584 41680 7136 3584
2 5 8908 2236 66408 9080 4556

Table 6. Some values of the topological indices of H-Tetracenic nanotube.

p q Sd(H) O(H) H(H) HM(H) F(H)
3 2 5214 1130 23834 5584 2764
3 3 8769 1967 54202 8376 4146
3 4 12956 2964 96892 11168 5528
3 5 17775 4105 151920 13960 6910

Table 7. Some values of the topological indices of Tetracenic nanotori.

p q Sd(K) 6(K) I(K) HM(K) F(K)
4 2 8856 1872 44784 7776 3888
4 3 14580 3200 101776 11664 5832
4 4 21168 4768 181856 15552 7776
4 5 28620 6560 285040 19440 9720
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Conclusions

In theoretical chemistry, molecular structure descriptors are used to
compute properties of chemical compounds. Among topological descriptors,
topological indices play significant roles in anticipating chemical
phenomena. This article is the continuation of the work®, which were
provided general partitions of co-distant edges of nanostructures. We used
these partitions to computed topological indices of linear [n]-Tetracene,

vertical and horizontal Tetracenic nanotube and nanotori.
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